ChE-402: Diffusion and Mass Transfer

Lecture 5



Intended Learning Outcome

® [0 solve transient problems involving both convection and diffusion.
® [o further analyze origin of convection.

® [0 evaluate diffusion coefficients by theory as well as by using empirical models.

=Pi-L



Transient convection and diffusion

Component 2 does not mix with liquid phase of 1 # Atz=0,n2=0

* In the steady case, we could use v2 = 0 (stagnant air);

* In this unsteady case, the flux of 1 varies with time and position
(for example, 1 displaces 2 immediately after t =0, so v2 # 0).

Define your system - Capillary tube

A
Define an element to do mass balance N c!
Apply mass balance céz
o o o o o l
Accumulation*dV = Flux |;,, *A — Flux |,,, *A + Generation* dV — Consumption*dV
E(C&AAZ) =An|,—An; |44 +0-=0
oc
9 __om n=—D—+cp'
o 0z 0z Fast evaporation by
diffusion and
convection
dc, 0°c;, 0
> — =D ——(cv")
ot dz2 oz



Transient convection and diffusion

0c, on,
at aZ Vv == Cl‘_/lvl + 62‘_/2\/'2 — ‘_/1”1 + ‘_/27’12
dc, 0’c;, 0
— =D ——(cpvY)
ot 072 02
A !
Apply mass balance for component 2 =141 1€
Accumulation* dV = Flux ., ¥A — Flux | FA + Generation* dV — Consu;)nption *dV dz

0
E(CZAAZ) =A n, |z —A ny |z+dz +0-0

0c, on,

ot B 0z

Fast evaporation by
diffusion and
convection
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Transient convection and diffusion

oc, on, 0c, on, ; - _ - _
o = - 6_z o = — 6_z v = ¢/ Vivi+cVov, = Ving+ Von,
Multiply each term with molar volume and add
O Viey +Vaey) = —(Vyn, + Vomy) = =22
—(Vic ) =——(Vin n, = —
or ! 22 0z i 2 0z
A )
- y _ C
Viec,+Voe, = yi+y, = 1 We are dealing with vapor phase t=14 !
dz
ov” ] <

a — —
icati —Vicy + Vo) = 0 =—
Implications at( 1¢1 + Vo)) >

* Volume average velocity, v, is constant, and does not change with z

vi= Vimp+Vony = Viny | * Atz=0,n2=0 Fast evaporation by
diffusion and
convection
_ Cq ; _ Cq —
= nl |Z=0 = — D_ |Z=0 + Clv |Z=0 = — D_ |Z=0 + C1V1n1 |Z=0
0z 0z
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Transient convection and diffusion

ocy
B D&cl v By
nyl.—g = — o =0 + 1V | =9 > | = <—E> 2o
1 =cVy
—_ Vlnl + V2n2 —_ Vlnl | 0
Constant/v <
dc, oc, 9, A
= > (cv) !
ot 0z z =141 1%
dc 0%c 0
ot 072 0z
N oc, D6201 v | oc,
= —_— —Vin, |_n—
ot 07> =05,
0cy
5 _, -D—
= I — Ia V1< af ) l.—o 9 Fast evaporation by
ot 07> 1—cV,/ 02 diffusion and
convection
- 0cy
dc 0%c Yo, ac
_1=D_1+D( 5Z_>|Z_O 9cy
ot 0z> 1—cV; 0z



Transient convection and diffusion )

ot 072

Initial condition: ¢ = 0, ¢, = 0

Boundary conditions

t
t > 0 1 |,z = ¢}*

ac ey Vlé_z
_— = D_ + D - = |Z=O

Boundary/Initial conditions:

1

Z l

\/ 4Dt c=0y | fc?

=

/ Fast evaporation by
cl |§=O = Cim diffusion and
convection

Cl |C=oo == O

¢, _ l-ef (=)

cjat 1 +erf ¢

_ 1
Vv sat _ <1 + > -1
i V(1 + erf p)pe??

When there is no convection

Dimensionless velocity, which determines extent of diffusion- dc - D 6_26'
led convection and the movement of the interface (z= 0). ot 0z°
o | 5eda

* Higher diffusive flux leads to convection.
* Higher concentration leads to convection.

— = C(Z,Z)—CS_
|=P|'L o e

o tEe T




Summary: transient convection and diffusion

- dcy
1 16_5 . ~sat 1 ~1
¢ =——< — ) |Z= VlC = <1 + 2>
2\1—¢,v,) 1 Va(l + erf p)pe? A
o ¢, _ l-erf(C-4¢) |
\/4Dt cjat 1 +erf ¢

Fast evaporation by
diffusion and
convection




Summary: transient convection and diffusion

- 0
1 Vlaicjl n = \/ b < : ) ad cSa
— _ 1 1z=0 - 1

< 1.0 2.0 =
S E
= =
ke =
°>’ -
3 0.5F 115 3
© —_—
- Q]
) -]
[S ©
= <
0.0 : 1.0
0 0.5 1.0

Volume fraction V4cq(sat)

1

PFL



n which of the following cases, convection can not be
neglected

a) Diffusive flux at z = 0 is high
b) yiatz=0 is 0.05
c) yiratz=Lis 0.5

Fast evaporation by
diffusion and
convection
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In-class exercise problem

A container filled with liquid aniline (molar mass: 93.13 g/mol) is stored in a large room. The container
has a cylindrical tube with length of 10 cm and a diameter of 1 cm. Initially, the cylindrical tube is filled
with air (pressure of 1 atm), and aniline is prevented from evaporation. At time t = O, the evaporation of

aniline is allowed.

» Saturation vapor pressure of aniline: 10 kPa

= The diffusion coefficient of the aniline vapor in air: 9 x 10-2 cm?/s.

= Aniline vapor can be treated as ideal gas.

» Assume a concentration of O at z = 10 cm, and saturation conditions at z =0.

z=10

. Neglecting convection, calculate the partial pressure of aniline vapor at z =1.5 cm after 25 seconds.

—

2. Estimate the error in neglecting convection.

Ceo =0
] _ c(z,t)—cS t=253,z=0.015m
When convection is neglected; =erf( = =05
Coo = Cs D=9x102cm2/s
= @ =cs =erf( = 1) =(1—erf¢) =048 Partial pressure = 4.8 kPa

O—CS Cg

PFL !
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INn-class exercise problem

- 1
When convection is considered Vit = <1 + )-1

V(1 + erf ¢)ped’

In vapor phase, \_flcsiat = yi*=10/100 = 0.1

1
=> (1 + = 10
( V(1 +erf ¢)¢e¢2>

1
= =9

V(1 + erf ¢p)pe?

1
= \/z(1 + erf p)pe?” = 5 = 01

= (1 + erf p)pe?” = 0.06

@ 1s positive (dimensionless velocity), = 1 + erf ¢ > 1, also exp(gbz) > ]

= ¢ is small ~ 0.06 Check LHS; (1 + erf0.06)0.06¢%6"006 = 0 064

EP::L LHS ~ RHS 1o



In-class exercise problem

¢,  1—ef(—¢)
cjt 1 +erf ¢ ‘ %

Cq | —erf0.44

= 0.
cjat 1 +ert 0.06

Partial pressure comes out to be 5.0 kPa

Neglecting convection, we got partial pressure of 4.8 kPa

Very small error because yisat is only 0.1
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Understanding the driving force for diffusion

® Diffusion flux is essentially a flow driven by force (the gradient of chemical potential).

® If there is a flow, there should be frictional force opposing the flow.

Frictional drag = chemical potential force

d 1d
dz f dz
d A
flux = ucz_ﬁ_’u _ _ kgT d In(f/P) | dc
fdz f dlnc | dz

kgT d In(f/P) 1y d1nC f1P)
f dlne " ° dlnc

High . Low
concentration concentration

Friction, f

oy
~

Diffusivity is inversely proportional to frictional force

Stoke’s Einstein Equation
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Comparison of diffusion coefficients

fgas fliquid fsolid

D D liquid D olid

gds )
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Diffusion coefficient of gas

[ = mean free path
Velocity of particles are thermally distributed

C oy \J ,
\\‘/ o

/ % '

XQJZCOSQ .

my

_ M \an, 2kgT
d = (507) "

V [ ]

M Z_ d (0 0) (6] (©0)
v <d_rtl ) > = [ cl, v, gv) d’v = J dv, J dvy[ cl, v, gv)dv,
79 = Z2_ + lcosO - - ’
dn d dn dc
—t=cl|, Vv v, =vcosH _ (& _ (= = —-D—
d -t /e <dt f > <dt ! > a7 1=
. df
Employ Taylor series for c|, fx) =flxy) + (x — xo)d— lx=x,
X

C
cl, =c |ZO + (z_ - Zo)d_z |z=zo

dc
,, — lcos Qd—z -

=Pi-L

cl, =cl

Z_
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Diffusion coefticient of gas

dc
o0 o0 00 cl,v,= c|, v, — lcos0—|
J|z=z0= J dvx[ dvyJ <c|z_ v, — c|Z+ vz>g(v) dv, <0 CC;Z =% 2
C|z+"z = c|Z v, + lcos@al—lZ =z, V2
= J|. ——J dv J dvyJ <2lcos@—| )g(v) dv
V
/ 6
dc *® *® *® dc QLT
=> J |z=z0 = — 21d—Z |Z=z0 dv, dv, cosO v, gv)dv, | =— Dd_z |z=z0 = B
— Qo0 —0 — 0 Tm
dc V dc 1 _
= Jl __21_|z =20 6 =_Dd_zlz—z0 D=§Vl

=PFL )



Diffusion coefticient of gas .

| :
D — vl - 8kBT \‘
3 V= :
wm ‘.
_ kgI’P volume of space per molecule
(= B cross—sectional area
)
(i)
Mean free path is much bigger than average
\ distance between gas molecules
T 5 :
" o p =ty 28 /2 (kT sn ]
3 3Vm\ =« Po?

=PFL )



Binary diffusion coefficient for gas

Table 5.1-2 Lennard-Jones potential parameters found from viscosities

Chapman-Enskog theory: Empirically derived (accurate to 8%)

Q) = Collision Integral

1.86 %107 * T * (1/M, + 1/M,)"> D in cm?/s
12 — T in Kelvin
Pop,Q P in atm
M in g/mole

012 in Angstrom

o)+ O o o
rp=22 = /e v=del (2)7 - (2)

Table 5.1-3 The collision integral

Substance a(A) £12/kp(K) kT /er2 Q kT /e12 Q kT]e1> Q

Ar Argon 3.542 933 0.30 2.662 1.65 1.153 4.0 0.8836
He Helium 2.551 10.2 0.40 2.318 1.75 1.128 4.2 0.8740
E; ﬁgf}ton ;ggg lggg 0.50 2.066 1.85 1.105 4.4 0.8652
o Xonon 047 5310 0.60 1.877 1.95 1.084 4.6 0.8568
Air Air 3.711 78 6 0.70 1.729 2.1 1.057 4.8 0.8492
Brz1 Brogline lorid 4.296 507.9 0.80 1.612 2.3 1.026 5.0 0.8422
CCly Carbon tetrachloride 5.947 322.7 0.90 1.517 25 0.9996 7 0.7896
CHCCI Chloroform 5.389 340.2

CH,Cl, Methylene chloride 4.898 356.3 1.00 1.439 2.7 0.9770 9 0.7556
CH;Cl Methyl chloride 4.182 350.0 1.10 1.375 2.9 0.9576 20 0.6640
Sﬁ*"H Metganol gggg 41122132 1.30 1.273 3.3 0.9256 60 0.5596

ethane . .

co4 Carbon e 369 917 1.50 1.198 3.7 0.8998 100 0.5130
o, Carbon dioxide 3.041 1052 1.60 1.167 3.9 0.8888 300 0.4360

Source: Data from Hirschfelder et al. (1954).
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Diffusion at high pressure

o8 [T (ks 1
3Vm\ =« Po?

DP = constant

Pl
D, = D—
P,

21



Diffusion coefficient in liquid

One can primarily use the Stoke’s-Einstein equation

ksT  kyT

D = Stoke’slaw [ = 6znR
¢ f 67nR

R

solute

Valid when > 5
solvent

=Pi-L
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Spherical

Prolate ellipsoid

Oblate ellipsoid

Shape effect

kT

(a2 — b2)12

n(

a+ (a2 — b2)1/2> ]
b

kT

(a2 — b2)112

o < (a2 — b2)1/2> ]

b

23



Diffusion coefficient in liquid

When Rsolute ~ Rsolvent

YA
_ 7.8 107 I/ oM, Wilke-Chang correlation

—0.6
nvi

D

D is diffusion coefficient of solute in cm2/s
¢ is empirical (1 for most organic solvents, 1.5 for alcohols, 2.6 for water)
‘_/1 is molar volume of solute in cm3/mol

M, is molecular weight of solvent in daltons

N is viscosity in centipoise

24



Diffusion coefficients in solids

Table 5.3-1 Diffusion coefficients at 25 °C in some characteristic solids

Solid Solute D (cm?/sec)
Iron (o Fe; BCC) Fe 3.10%
C 610
H, 2.107°
Iron (o Fe; FCC) Fe 8-107°°
C 3.10°
Copper Cu 8. 10 %
Zn 2.107%8

Extremely small diffusion coefficient

Diffusion is activated

AE
D=D,e RT

1) Almost all transport takes place through defects in the solid, especially along grain-boundaries.

2) Transport approaches the limit of semi-infinite media rather than the thin film.

3) Diffusion of hydrogen in solids is an exception because hydrogen dissociates in atomic
hydrogen. The electrons of hydrogen disperse into the metallic electron cloud. The proton being
much smaller than inter-atomic distances can reside at the inter-metallic interstitial positions and

diffuse relatively fast through the lattice.

=Pi-L
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Exercise problem: calculate mean-free path, mean velocity
and D of helium at 1 atm and 25 °C.

kpT/P volume occupied by single molecule — 8kgT
—_— —_— v -
T, cross—sectional area Tm
—0
4 1 8 [2 (kT 1
- B
D = —vl =24 /= (2 )n—
3 3Vm\ « Po?
Table 5.1-2 Lennard—Jones potential parameters found from viscosities
Substance a(A) &12/kp(K)
He Helium 2.551 10.2

1.38 %107 *298/101325 -
[ = = T795*%107"m = 795 nm

3.14
<T(2'55 * 10—10)2>

= 1256.05 m/s

- 8*1.38 %1072 #2908
Vy =
3.14*(0.004/(6.023 * 1023)

1 1 —7 -4 2 -1 2 —1
D = —vl = 2125605%795107 = 333*107 m* s~ = 333 cm’s

=PFL
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—Xercise prob
Using data fro

em: calculate the kinetic energy of He

M the previous problem

=PiL
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Exercise problem: In previous problem, calculate how fast a gas
molecule is colliding. Also, calculate average distance between
molecules and compare to mean free path.

= (.63 ns

Time scale for collision is ~

<] ~

Volume occupied by 1 mole = 22.4 liter

Volume occupied by 1 molecule = 37.2 nm3

Average distance between molecules = 3.3 nm

Mean free path was calculated as 795 nm

=PFL
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D for hell
napman-

Calculate
with the C

D in cm2/s
1.86 %1073 715 % (1/M, + 1/M,)°>  TinKelvin
Dy, = P20 P in atm
o M in g/mole
012 in Angstrom
Table 5.1-2 Lennard—Jones potential parameters found from viscosities
Substance a(A) e12/kg(K)
Ar Argon 3.542 93.3
He Helium 2.551 10.2
Table 5.1-3 The collision integral €
kBT/812 Q kBT/Elz Q kBT/812 Q
0.30 2.662 1.65 1.153 4.0 0.8836
0.40 2.318 1.75 1.128 4.2 0.8740
0.50 2.066 1.85 1.105 4.4 0.8652
0.60 1.877 1.95 1.084 4.6 0.8568
0.70 1.729 2.1 1.057 4.8 0.8492
0.80 1.612 2.3 1.026 5.0 0.8422
0.90 1.517 2.5 0.9996 7 0.7896
1.00 1.439 2.7 0.9770 9 0.7556
1.10 1.375 2.9 0.9576 20 0.6640
1.30 1.273 3.3 0.9256 60 0.5596
1.50 1.198 3.7 0.8998 100 0.5130
1.60 1.167 3.9 0.8888 300 0.4360
Source: Data from Hirschfelder ez al. (1954).
cPiL
=
=

um in argon at 1 atm and 25 °C
-nNskog theory

enlky = /erlkg* e lky =4/933%10.2 = 30.8

K,T
= 298/30.8 = 9.67

€12
Q ~0.75
3.542 +2.551 0
2

_ 1.86%107° *298'> % (1/4 + 1/40)°°
o 1%3.0472%0.75

= 0.72 cm?3s~!
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